Abstract. In this paper we give proofs of the following results: the first one is that every differential character can be represented by differential form with singularities. The second one is the Gauss-Bonnet-Chern theorem for vector bundles taking values in differential characters.
Introduction
One of the motivations of defining Cheeger-Simons differential characters [6] is to obtain secondary invariants of principal bundles living in the base space. The idea of secondary invariants dates back to Chern's proof of the Gauss-Bonnet theorem [7, 8] , where a transgression form, called the Chern's spherical potential in [17] for example, of the Euler form lives in the total space of the sphere bundle is constructed. A similar construction is applied to obtain an integral formula for Stiefel-Whitney class which makes use of differential forms with singularities [10] (see also [16] ). The idea of transgression is later extended to any characteristic form which lives in the total space of principal bundle in question [9] .
Transgression form is closely related to representing differential characters by differential forms, possibly with singularities. Such a question is first studied in [5] and it is well known that every differential character can be represented by differential form with singularities [5, Proposition 3] although no proof is given. Note that it is recently shown in [2] that every differential character can be written as a sum of two integrals of differential forms over specific cycles when the underlying manifold is extended to a large class of stratified spaces, called stratifolds. Motivated by deriving formulas for the Abel-Jacobi map of groups of cycles on a complex algebraic variety to intermediate Jacobians, a proof of [5, Proposition 3 ] is given in [11] under an additional assumption. Therefore we feel it is worthwhile to write down a proof of [5, Proposition 3] in full generality. On the other hand, in [15] differential characters are defined in terms of de Rham-Federer theory of currents, and it is shown to be naturally isomorphic to the Cheeger-Simons' definition of differential characters [15, Theorem 4.1] . Thus [15, Theorem 4 .1] and our proof of [5, Proposition 3] are the same in spirit, but stated in a different language.
From our proof of [5, Proposition 3] and the results in [10] , we hope to construct in a subsequent paper differential Stiefel-Whitney class by differential forms with singularities. Since Chern-Weil theory does not produce differential form representative of the Stiefel-Whitney class, its lift to differential characters cannot be constructed by ordinary methods [6, 18] . On the other hand, a Chern-Weil theory of characteristic classes using de RhamFederer's theory of currents are developed by Harvey-Lawson-Zweck in a series of papers (see [12, 13, 16, 14, 17, 23, 15] ). It deals with singular connections on vector bundles and represents characteristic cohomology classes by currents, for example Stiefel-Whitney current. Thus Harvey-LawsonZweck's theory of characteristic classes is more unified and systematic, and it can be easily generalized to differential characteristic classes, for example the construction of the differential Stiefel-Whitney class [23, §6] . In this paper we restrict ourselves to differential characters defined in terms of differential forms, possibly with singularities.
When we try to construct differential Stiefel-Whitney classes by differential forms with singularities, we realize that one of the keys is to construct a family of transgression forms that is similar to the Chern's spherical potential. This is one of the motivations of considering the Gauss-Bonnet-Chern theorem for vector bundles taking values in differential characters.
Recall that the Gauss-Bonnet-Chern theorem (for tangent bundles) is given by
where X is a closed Riemannian manifold of dimension 2n, Pf the Pfaffian, R T X the Riemannian curvature of the Levi-Civita connection and χ the Euler characteristic. A generalization of the Gauss-Bonnet-Chern theorem to Euclidean vector bundles E → X equipped with metric h E and metriccompatible connection ∇ E ( [3] and [21, §8.3.2] ) is given by
where χ(∇ E ) is the Euler form of ∇ E , U (h E , ∇ E ) is the Mathai-Quillen Thom form of E → X with respect to (h E , ∇ E ), and ζ 0 : X → E the zero section. This of course reduces to the Gauss-Bonnet-Chern theorem when E → X is indeed the tangent bundle of X. Yet a more general version of the Gauss-Bonnet-Chern theorem [4, p.56] states that when the Mathai-Quillen Thom form is pulled back by an arbitrary section, there is an extra term, a "canonical" transgression form, in (1.1). In this paper we lift this version of the Gauss-Bonnet-Chern theorem to the level of differential characters (Theorem 1), namely, we prove that
where χ is the differential Euler class, U is the differential Thom form, v ∈ Γ(X, E) an arbitrary section and ω ∈ Ω(X) (the details will be given in Theorem 1).
It is worth noting that in [17, §8], χ is defined in terms of the Euler sparks [17, Definition 7.3] , and a comparison between the approaches of defining χ in [6] and in [17, §8] is given in [17, Remark 8.9]. Moreover, a refined version of the Gauss-Bonnet-Chern theorem (compared to [7, 8] ) stated in the language of currents is proved ([17, Corollary 5.3]). One can apply these results to prove Theorem 1 in the language of [15] . Our approach of proving Theorem 1 is to write down all the differential characters involved by explicit formulas (more explicit when compared to [18] ). The crucial step is to express certain integrals in terms of the Mathai-Quillen Thom form, and then apply the result in [4, p.56] .
The paper is organized as follows. In section 2 we review the background material needed to prove the main results, including Cheeger-Simons differential characters, differential forms with singularities and the MathaiQuillen Thom form. In section 3 we prove the main results.
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Background material
Throughout this paper, X is a closed oriented manifold, A is a proper subring of R and π : E → X is a real vector bundle of rank 2k. Let h E be a Euclidean metric and ∇ E a Euclidean connection on E → X respectively. We write these data as (π : E → X, h E , ∇ E ).
2.1. Cheeger-Simons differential characters. In this subsection we recall Cheeger-Simons differential characters [6, 2] .
Let k ≥ 1. A degree k differential character f with coefficients in A is a group homomorphism f : Z k−1 (X) → R/A for which there exists a fixed
The abelian group of degree k differential characters is denoted by H k (X; R/A). It is easy to see that ω f is a closed k-form with periods in A and is uniquely determined by f ∈ H k (X; R/A). Denote by Ω k A (X) the group of k-forms on X with periods in A. Define a map δ 1 :
2.2. Differential forms with singularities. In this subsection we briefly recall differential forms with singularities [1] and how it can define differential characters [5, 11] . Let ϕ be a (k − 1)-form defined on X \ e(ϕ), where e(ϕ) is a closed nowhere dense set. Suppose ω is a k-form defined on X \ e(ω), where e(ω) is a closed subset of e(ϕ), such that ω is an extension of dϕ to X \ e(ω). A chain c ∈ C k (X; A) satisfying |c| ∩ e(ω) = ∅ and |∂c| ∩ e(ϕ) = ∅ is called an admissible chain for the pair (ω, ϕ). The pair (ω, ϕ) is called an (A, k)-pair
(1) e(ω) and e(ϕ) lie on smooth locally finite polyhedra of dimensions ≤ n − k − 1 and ≤ n − k respectively, and (2) for any admissible k-chain c ∈ C k (X; A) for the pair (ω, ϕ), the difference
Define an equivalence relation on the set of (A, k)-pairs as follows. Let
, c] for all chains c ∈ C k (X; A) admissible for both pairs. Still denote by (ω, ϕ) the equivalence class of the (A, k)-pair (ω, ϕ) and by Ω k (X; A) the set of equivalence classes of (A, k)-pairs. Note that Ω k (X; A) is an A-module.
For any (A, k)-pair (ω, ϕ) with e(ω) = ∅, one can define a differential character as follows [5] . For any z k−1 ∈ Z k−1 (X), there exists z k−1 ∈ Z k−1 (X) such that |z k−1 | ∩ |e(ϕ)| = ∅ and z k−1 = ∂c k + z k−1 for some c k ∈ C k (X). Define a differential character s(ϕ) :
We call s(ϕ) the differential character induced by the differential form ϕ with singularities. 
Denote by T : Ω(X, Λ(E)) → Ω(E) the Berezin integral. Consider the pullback π * E → E of E → X by π, equipped with the corresponding Euclidean metric π * h E and Euclidean connection π * ∇ E . The tautological section x ∈ Γ(E, π * E) is defined by x(e) = e ∈ (π * E) e ∼ = E π(e) . Define
where R E is the curvature of ∇ E . The Mathai-Quillen's Thom form of E → X [4, (1.37)] is a closed 2k-form U (h E , ∇ E ) ∈ Ω 2k Z (E) with periods in Z defined by
Note that by pulling back U (h E , ∇ E ) to the unit ball bundle of E by the map y → y 1 − y 2 , it has compact support.
We will need the transgression formula for the Mathai-Quillen's Thom form when the metric is being rescaled by t. Then (2.2) becomes
Write a(k) = (−1) k(2k+1) (2π) k . By integrating both sides of (2.3), we have
Consider the sphere bundle π : SE → X and pull E → X back by π; i.e.,
As noted in [22, p.51] , by restricting (2.4) to SE and noting that lim t→+∞ T (e −Ωt ) = 0, the right-hand side of (2.4) converges when t → ∞, and therefore
On the other hand, for any section v ∈ Γ(X, E),
where
where we have used the fact that v * • π * = (π • v) * = id * . As noted in [4, p.56], (2.6) is a form of the Gauss-Bonnet-Chern theorem for vector bundles.
Main Results
In this section we prove the main results in this paper.
3.1.
Representing differential characters by forms with singularities. First of all we prove that s(ϕ) is a well defined differential character of degree k. Lemma 1. Let (ω, ϕ) ∈ Ω k (X; A). The map s(ϕ) defined by (2.1) is a well defined differential character of degree k.
Proof. We first show that s(ϕ) : Z k−1 (X) → R/A is a well defined map. Suppose z ∈ Z k−1 (X) and c ∈ C k (X) are such that If z ∈ Z k−1 (X) is a coboundary, say z = ∂c, it follows from the definition of s(ϕ) that
Thus s(ϕ) is a differential character of degree k.
We now give a proof of [5, Proposition 3] . Proposition 1. Every differential character f ∈ H k (X; R/A) can be written as a differential character induced by a differential form with singularities.
In [11] Proposition 1 is proved for A = Z under the assumption that δ 1 (f ) is the Poincaré dual of a compact oriented (n − k)-submanifold of X. Take a lift T f ∈ C k−1 (X; R) of f such that T f (z) = f (z) mod A. Then there exists a cocycle u ∈ Z k (X; A) depending on T such that
Note that the cohomology class [u] = δ 2 (f ) is independent of the choice of T f . Denote by T ϕ ∈ C k−1 (X; R) and u ϕ ∈ Z k (X; A) the corresponding lift and cocycle of s(ϕ) respectively. Since δT ϕ = ω − u ϕ , it follows that
, where the later isomorphism is induced by the
. Thus
3.2.
The differential Gauss-Bonnet-Chern theorem. In this subsection we prove the differential Gauss-Bonnet-Chern theorem for vector bundles.
Theorem 1. Let E → X be a real oriented vector bundle of rank 2k with a Euclidean metric h E and a Euclidean connection ∇ E . If v ∈ Γ(X, E) is any section, then
in H 2k (X; R/Z).
In the following proof we adopt the notations in Section 2.3.
Proof. Let z ∈ Z 2k−1 (X). The fibration SE → X with fibers S 2k−1 gives the following exact sequence
Thus there exist y ∈ Z 2k−1 (SE) and w ∈ C 2k (X) such that
, as in [6, (3. 3)] we have
The proof that (3.2) defines a differential character is similar to Lemma 1, and the proof that (3.2) defines the differential Euler class is similar to [18, Theorem 3.3] . As remarked in [19, §2.4] , the differential Thom class can be associated to Euclidean vector bundles with Euclidean metrics and Euclidean connections using the Mathai-Quillen formalism. For the formula of the pullback of the differential Thom class v * U (E, h E , ∇ E ) ∈ H 2k (X; R/Z) by an arbitrary but fixed section v ∈ Γ(X, E), we have
By (2.6) and (2.5), we have
Thus (v * U (E, h E , ∇ E ))(z) is given by the following formula
whose proof is similar to the fact that χ(E, h E , ∇ E )(z) is given by (3.2). Finally, we have 
